In this article we derive a general differential equation that describes long-term economic growth in terms of cyclical and trend components. Equation is based on the model of non-linear accelerator of induced investment. A scheme is proposed for obtaining approximate solutions of nonlinear differential equation by splitting solution into the rapidly oscillating business cycles and slowly varying trend using Krylov-Bogoliubov-Mitropolsky averaging. Simplest modes of the economic system are described. Characteristics of the bifurcation point are found and bifurcation phenomenon is interpreted as loss of stability making the economic system available to structural change and accepting innovations. System being in a nonequilibrium state has a dynamics with self-sustained undamped oscillations. The model is verified with economic development of the US during the fifth Kondratieff cycle . Model adequately describes real process of economic growth in both quantitative and qualitative aspects. It is one of major results that the model gives a rough estimation of critical points of system stability loss and falling into a crisis recession. The model is used to forecast the macroeconomic dynamics of the US during the sixth Kondratieff cycle . For this forecast we use fixed production capital functional dependence on a long-term Kondratieff cycle and medium-term Juglar and Kuznets cycles. More accurate estimations of the time of crisis and recession are based on the model of accelerating log-periodic oscillations. The explosive growth of the prices of highly liquid commodities such as gold and oil is taken as real predictors of the global financial crisis. The second wave of crisis is expected to come in June 2011.
Introduction
Economy usually fluctuates around its trend path. These fluctuations are cyclical, but irregular. Trend is the result of the factors responsible for long-term growth of the economy, such as capital inflows, manpower increase, scientific and technical progress. Business cycles represent deviations of the real aggregate output from its long-term trend caused by distributed in time random supply shocks. In 1950s there were developed some elegant mathematical models of the theory of cycles based on the mechanism of interaction between the multiplier and accelerator [1] , as well as neoclassical growth theories using the production functions [2] . They became the starting point for all subsequent research in these two central issues of macroeconomic dynamics. The main drawback of these models was an isolated consideration of growth and cyclical fluctuations, whereas the Schumpeterian theory of economic development [3] [4] states that cyclical fluctuations are an integral part of sustainable economic growth. Therefore, the theory of real business cycles (RBC) must necessarily include the interaction of the mechanisms of growth and cyclical fluctuations. The tenets of the discrete RBC theory were laid in the 1980s by Nobel laureates F. Kydland and E. Prescott [5] . They developed an RBC model based on stochastic dynamic model of general equilibrium. Their model included a stochastic version of the neoclassical Solow's growth model [2] . Kydland's and Prescott's discrete RBC model became the basic one in macroeconomic computer simulation.
Derivation of the Macroeconomic Dynamics Equation Describing the Interaction of Long-Term Growth and Business Cycles
Our first attempt to create a continuous RBC model was described in [6] . This is a general differential equation of macroeconomic dynamics based on the interaction of the mechanisms of growth and cyclical fluctuations. Let us start deriving this equation following the most fruitful scheme formerly chosen by Phillips [1] . In this scheme it is assumed that the planned values for consumption and investment are achieved. We also take this starting point. Hence consumption and investment plans (with a certain lag) turn into actual costs, which give a total output. If you select the expenditures (independent from revenue) A on capital investment and consumption, the basic equilibrium condition is written as
( ) ( )
where J(t) is potential capital investment; ae is lag reaction rate, while time lag constant is T = 1/ae. The volume of investments J(t) and the current rate of yield change are connected in general via nonlinear accelerator ( )
where v is power of the accelerator (v > 0). Goodwin has shown [1] that the most appropriate function for the nonlinear accelerator is the logistic function. Consequently, we have ( )
Here we have taken first two terms of power series, which is a good approxi- 
We return to the basic equilibrium condition (1). Since demand lags are absent, and planned consumption is ( )
, where c and s are the coefficients of consumption and savings, aggregate demand will be equal to ( )
Supply is also taken with a continuously distributed lag of the exponential form and the reaction rate λ:
Equations ( (2), (5) and (6) 
Substituting these expressions into Equation (2) we obtain the following differential equation for the yield Y:
Here If in Equation (7) we assume Unlike Phillips and Goodwin, we will include into (7) an expression for the potential (expected) value of yield e Y defined by the basic factors of production, i.e. capital (K) and labor (L). As it is well known [2] , the connection of yield with factors of production is determined by the production function of the form
, which represents the trajectory of long-term economic growth.
Since the production functions possess the homogeneity property, they satisfy
Euler's equation [7] :
where a, b and h are constant coefficients. This implies the desired approximate expression for the expected value of e Y yield:
It is obvious that this approximation is more accurate than the very rough
But the main advantage of this approach is that it provides an opportunity to introduce production factors into the basic equation.
Differentiating (8) on time and performing the necessary simplification, we obtain: 
Here γ is Okun's parameter ( 
Differentiating both sides of this relation, we obtain the required expression:
As is known, the average labor productivity
Substituting (11) and (12) into the initial expression (9), we obtain: (13) into Equation (7) . As a result, we obtain the desired total differential equation of macroeconomic dynamics:
Under suitable initial and boundary conditions the Equation (14) (14) we find a stochastic differential equ- [10] . Indeed, we can first average the rapidly changing variable y(t) and get a simplified description of the system dynamics-long-term trend described by ( ) Y t . This approach makes it relatively easy to find both dependences. For further analysis of Equation (14) it is important to distinguish the trend component in its right side, which is determined by the investments independent from income. This includes the investment of public and private organizations into the development of public infrastructure, and investment caused by scientific and technological progress, inventions and technological innovations that not only define the long-term growth, but also affect the short-term fluctuations, since they are irregular. It also includes independent expenditures on household consumption. Thus, the independent investment ( ) 
The second term on the right side of this expression has a direct influence on cyclical fluctuations. First of all, we distinguish in the basic Equation ( Substituting Y y Y = + into the Equation (14) we obtain:
Here ( ) ; ,
where the i is rate of interest; w is real wages; β reflects the elasticity of output to labor in the Cobb-Douglas production function. We have already used earlier the second of these relations. Therefore Equation (16) has the form:
At the next step we use averaging on (18) for rapidly changing variables y and φ and get a simplified differential equation that describes only its trend trajectory:
Initial conditions are as follows:
The principle of averaging leads to the equation
describing the cyclical fluctuations. In this equation we must take into account the nonlinearity of the accelerator comprised in the coefficient σ (17) . Therefore, we will analyze the solution of the nonlinear differential equation in the form:
where
The resulting equation is widely known as the Rayleigh equation, which is of great importance in the theory of oscillations.
Equation (21) includes a non-linear accelerator investment equal to
, which provides maintenance of the persistent cyclical fluctuations in economic system. Economic system with nonlinear accelerator is a classic self-oscillating system in which the role of positive feedback mechanism is played by non-linear accelerator, and the power of the accelerator ν is the gain. If the gain is large enough ( 1.05 ν > ), self-sustaining oscillations appear in the system, whose characteristics are determined by internal (structural) system parameters [11] . Thus, at 1.05 ν = there is a bifurcation of the cycle in the system.
In deriving Equation (21) the cyclical unemployment was also taken into ac- We have already noted that the power of the accelerator is a control parameter and has a decisive influence on the dynamics of the economic system, the formation of long-term growth trajectory. Since the power of the accelerator is proportional to the business activity, while the latter is determined by economic conditions in the first approximation, we can assume that it is changing slowly, a sinusoidal, in sync with large Kondratieff cycle, i.e.:
As the duration of the fifth Kondratieff cycle is 35 years [12] , we can take 2 11
The range of practical changes in the accelerator power is 0 2 υ < < [11] , so it is expedient that 0 1.0 υ ≥ . In further calculations we take 0 1.1 υ = .
Examples of modeling modes of economic system development Linear differential Equation (19) with constant coefficients can be integrated in analytical form. For a nonlinear differential Equation (21), in the case of weak nonlinearity, the accelerator (for small power of accelerator) can also obtain an approximate solution in explicit analytical form using the averaging method by Krylov-Bogolyubov-Mitropolsky. These cases are considered in detail in [13] .
We give three specific examples.
The first example illustrates the natural oscillations of the economic system. External influence is absent, i.e. 0 ϕ * = . Assume that the trajectory of the trend is exponential. Then, solving Equation (21) The second example shows the effect of external periodic perturbations. Assume that sin q t ϕ ν * =
. In this case, the superposition of solutions of Equations ((19) and (21)) has the form:
where ( ) Trajectory of the issue (24) is shown in Figure 2 .
The third example illustrates the effect on the autonomous system of the sta- and (21)) describing the cyclical fluctuations in business activity and economic growth, the stability of the system is viewed, the bifurcation point is calculated (19)- (21) is guaranteed within the accelerator power range ae 0 ae
Moreover, at values ( )
, any external shock effects are smoothed out by the system and, the system, being withdrawn from the equilibrium state, asymptotically tends to a stable initial trend of economic growth.
In the range of values ( )
, the equilibrium state is unstable; a bifurcation occurs in the system and a stable undamped oscillatory regime is produced. This regime is good because it favors structural changes necessary for processing and mastering of innovations. The economic system itself passes to a new equilibrium state, which is fixed by the au- Consequently, the regime of self-oscillations in the economic system is extremely useful, as it facilitates the structural transformations required to perceive innovation, and also provides stability to development and a change in equilibrium levels, which in turn determines the stepped trajectory of long-term economic growth.
2) At high values of accelerator ae ae
.05 ν > economic growth can become unstable due to the explosive nature of the influence of cyclical fluctuations of the system. However, due to the cyclical nature of ν, and the natural restriction of output caused by the drop in entrepreneurial profit, the subsequent decline in production before the onset of a new level of equilibrium fixed with a decrease in the power of the accelerator, the system will continue a relatively stable growth, alternating equilibrium levels and staying between them in a nonequilibrium state, i.e., in a state of dynamic equilibrium.
3) Self-oscillations are characteristic for developed economies with high entrepreneurial activity and innovative susceptibility, therefore the economies of developed countries are relatively stable. In countries where entrepreneurial activity is low, auto-oscillations in the economy are virtually excluded, there can only be forced fluctuations caused by exogenous shocks. Since the amplitude of self-oscillations of the system does not depend on the initial conditions and is determined only by the internal structural parameters of the system and it is minimal, and the self-oscillations themselves play a decisive role in accelerating the rates of economic growth and giving stability to development, then measures are necessary that contribute to the formation and maintenance of short-term auto-oscillation which is achieved by encouraging and supporting the innovative activity of entrepreneurs.
All this is well illustrated by the phase portrait shown in Figure 4 . In general, when the coefficients of differential Equations ( (19) and (21)) are slow changing variables and the nonlinearity accelerator is high, then, for the solution of these equations it is necessary to use numerical methods and computer simulation exercise. In this case the right accelerator's functional dependence on time is of high priority.
In [14] there is a description of computer simulation of the economic system (19) and (21) with complicated periodical external disturbance and variable power accelerator for different values of power close to critical. The results are shown in Figure 5 . As is evident from considering the graph, for certain values of power ( 0 1 ν = ; 1 1.05 ν = ) a loss of stability occurs in the system and the economy gets into crisis, falling into a deep recession. Importantly, the loss of stability is associated with breaking the trend of the curve, but not cyclical fluctuations. This corresponds to the assertion of Schumpeter that the equilibrium trajectory is steep and cyclical component has a form of wave. GDP dynamics presented in Figure 5 shows that the mathematical model quite adequately describes the real process of economic development. For a more detailed study of economic system behavior it is required to describe a random nature of the exogenous impulse that caused crisis and recession. This means to solve stochastic differential Equation (21) . Then chaotic dynamics of the economic system will be described in terms of attractors.
Verification of the Macroeconomic Dynamics Equation and Long-Term Forecasting on the Example of the US
Below are the results of computer modeling of US macroeconomic dynamics by numerical solution of differential equations describing the trend trajectory of economic development (19) and cyclic fluctuations (21), followed by a superposition of the solutions. Verification of mathematical model (19) - (21) First, one must identify the right sides of equations (19) and (21) 
Here the first term describes the trend trajectory of productive capital, which is expressed by the logistic function, and the second describes the cyclical fluctuations, describing the Kitchin ( ) 1 1 , q ω and Juglar ( ) 2 2 , q ω cycles, 1 2 , ω ω -frequencies.
Knowing ( ) K t we can determine the investments:
where μ is the rate of disposal of fixed assets.
Using relationships (25) and (26) we obtain the functional expression for the right sides of equations (19) and (21):
The next step is the calibration of the basic production capital model (25) . The (29) is shown in Figure 6 . As it can be seen, the approximation is sufficiently good.
To determine the oscillation controlling parameters 1 1 2 2 , , ,ω ω in the model for capital (25) , one must use the investment Equation (26), which with a specific model of capital movements (25) 
The actual values of autonomous investment A are in the same UN database [17] , they are shown in Figure 7 . The important thing is that in stand-alone investments there are more prominent oscillatory deviations from the trend component and therefore Equation (30) is the best way to find the parameters 1 1 2 2 , , ,ω ω . In Equation (30) the rate of disposal of fixed capital μ increases with time due to constant technical progress and it can be approximated by a linear relationship: ( (19) and (21)) provides the best approximation for the US GDP over the period from 1982 to 2010. We have also found the average savings rate in this period s = 0.184. Figure 8 shows the results of computer simulation for differential Equations ( (19) and (21) In the long run there is a stable capital-output ratio ( K Y ), which is also expressed in empirical Kaldor's law [18] :
. Friedman shows that in the long run, permanent consumption is directly proportional to permanent income [9] :
Consequently, K C . This means that if you know the expected growth in consumption, it is easy to determine the expected growth in basic industrial capital.
R. Hall argues that if consumer' expectations are rational then consumption follows the trajectory of a random walk [19] . This means that consumption C is not likely to be out of the region 3
This follows from the properties of Gaussian random walks called the Wiener process [20] . Thus, it can be taken that max 
Trajectory of the US GDP till 2050 calculated with the model (19) and (21) is shown in Figure 9 . Simulation pretty well describes the changes in economy The suggested mathematical model of long-term economic growth containing two (cyclical and trend) components provides a good description of real macroeconomic dynamics both qualitatively and quantitatively. The model also allows to estimate timings of crises, which can be seen in Figure 9 . Still the question of special interest is the following: is it possible to more accurately predict the crisis time? Figure 9 . Forecast of US GDP.
A. Akaev
Burst of the Gold and Oil Bubbles as a Predictor of the Global Economic and Financial Crisis
Didier Sornette, Anders Johansen and their colleagues (e.g., [22] ) have demonstrated that accelerating log-periodic oscillations superimposed over an explosive growth trend that is described with a power-law function with a singularity (or quasi-singularity) in a finite moment of time C t ,
cos ln
are observed in situations leading to crashes and catastrophes, and can be treated as their predictors. In our paper [23] we show that the hyperbolic growth in the global prices of highly liquid commodities (such as gold and oil) can be treated as a predictor of a deep crisis in the world economy, and we have proposed an algorithm for estimating the critical time (the time of the crisis) based on approximation of current prices dynamics with a function of type (34). Energy is a major productive resource. The structure and the level of energy consumption describe the state of world and national economies, as well as the level and quality of life. There is also a close connection between energy consumption and economic growth. Currently the dominant energy source is oil, but the era of gas is approaching. Marchetti and Nakicenovic were the first who drew attention to the cyclic increases of prices of the dominant energy sources with a period of Kondratieff cycles [24] . These price increases usually last for about 10 years and lead to significant shift in structure of energy consumption. We have shown that these increases of prices are predictors of the global crises in the world economic and financial system. Indeed when the global economy is in the upswing phase of Kondratieff wave, the global market expands and oil prices are stably low and are determined by the costs of production and transportation in agreement with theory of Kondratieff waves. But as soon as there is a significant world market downturn in a downswing phase of Kondratieff wave, capital begins to rapidly flow into oil and gold which are commodities with absolute (or almost absolute) liquidity. All this causes increase in oil and gold prices, as is shown in Figure 10 and Figure 11 . Figure 12 and Figure 13 display actual data for oil and gold prices and their approximations with a function of type (35). It is evident that the hyperbolic trend and log-periodic oscillations both allows to build accurate estimation of crisis recession start. Method of calculation is described in detail in our paper [23] .
The following parameters of the approximating function (35) were estimated with least squares method based on the available statistics:
1) for oil prices: Let us take a look at gold prices. In early 2011 they were still rising. Market players found gold as the most reliable replacement of national currencies and companies stocks. Therefore, there was a big increase of investment in gold and we treated it like a predictor of the second wave of the crisis. Applying model (35) to gold prices gave singularity point in August 2011. We forecasted that the latter may have precipitated the second crisis wave. The actual events confirmed our forecast [26] . A. Akaev
